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Abstract This paper develops a rigorous basin-geometry theory for high-order stationary-point itera-
tions applied to trajectory reconstruction in chaotic Hamiltonian systems. By formulating the inverse
problem through a discrete action functional induced by symplectic dynamics, explicit bounds are
derived for the second, third, and fourth derivatives of the objective on collision-free trajectory tubes.
These estimates yield quantitative convergence radii for Newton, Halley, and higher-order Householder
methods. The analysis separates forward-time chaotic instability from inverse conditioning by charac-
terising coercivity on the identifiable subspace through observation Gramians and sensitivity growth.
Specialisation to the planar three-body problem reveals explicit links between admissible initializa-
tion radii, finite-time Lyapunov exponents, and sampling density. The resulting framework provides
a mechanism-level explanation for instability in practical trajectory reconstruction and establishes
principled conditions for robust solver and sampling design in chaotic mechanical systems.

Keywords: Chaotic Hamiltonian systems, three-body problem, Householder methods, Newton meth-
ods, basin geometry, trajectory reconstruction, Lyapunov exponents, inverse problems.

I Introduction

Throughout the paper, we consider a finite continuous time horizon [0,7] and a fixed discretisation
step h > 0, leading to a discrete trajectory zo.y with N = T'/h. All variational and stationary-point
analyses are performed at this discrete level, while constants governing derivative growth depend on
the continuous horizon length T

The Newtonian planar three-body problem remains one of the most studied nonlinear Hamiltonian sys-
tems in mathematical physics. Despite its compact formulation, the system exhibits strong sensitivity
to initial conditions, non-integrability in the general case, and rich chaotic behaviour [1, 2, 3]. The expo-
nential divergence of nearby trajectories, quantified through Lyapunov exponents, limits long-horizon
prediction and renders inverse trajectory problems intrinsically delicate [4].

In this work we study the finite-horizon inverse problem: reconstructing a trajectory from partial
noisy observations when the Hamiltonian is known. Rather than learning a surrogate dynamics, we
formulate trajectory inference variationally by minimizing a discrete action functional consistent with
the Hamiltonian flow. Variational data assimilation and weak-constraint formulations have demon-
strated the effectiveness of such approaches in dynamical systems inference [5, 6]. However, for chaotic
Hamiltonian systems, the geometric properties of the resulting objective function remain insufficiently
understood.

From the perspective of nonlinear analysis, convergence of Newton-type methods is governed by local
curvature and higher-order derivative bounds [7]. While classical results establish quadratic and higher-
order convergence under strong regularity assumptions, explicit basin-of-attraction estimates in chaotic
dynamical settings are largely absent. In Hamiltonian systems, structure-preserving discretizations
maintain symplectic geometry and energy behaviour [8], yet their implications for inverse conditioning
have not been quantified in terms of Lyapunov growth.
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Recent machine-learning approaches such as Physics-Informed Neural Networks [9], Neural Ordinary
Differential Equations [10], and Hamiltonian Neural Networks [11] aim to learn dynamics or trajectories
from data while respecting physical structure. Although effective in forward prediction and short-term
approximation, these approaches provide limited theoretical guarantees on basin geometry, statistical
efficiency, or stability in chaotic regimes.

The present work develops a rigorous analytical framework linking Hamiltonian sensitivity, variational
curvature, and high-order stationary iterations. We derive explicit derivative bounds for the discrete
action functional induced by symplectic flow, establish coercivity estimates on the identifiable subspace,
and prove quantitative basin-of-attraction theorems for Newton, Halley, and general Householder meth-
ods. Specialising the theory to the planar three-body problem, we obtain sampling-dependent lower
bounds and show how Lyapunov growth governs admissible initialization radii.

This approach provides a unified geometric interpretation of inverse trajectory conditioning in chaotic
Hamiltonian systems, bridging classical celestial mechanics, nonlinear optimization theory, and modern
dynamical system inference.

II Variational Formulation of Finite-Horizon Trajectory Infer-
ence

We consider a smooth Hamiltonian system on R2?,
i=JVH(z), x(0)=6¢cR¥, (1)
where J is the canonical symplectic matrix and H : R?? — R is CP*! with p > 3 [12, 8]. We denote

by ®:(0) the associated flow map.

The planar three-body problem corresponds to the special case d = 6 with Newtonian Hamiltonian
structure; see [1, 2]. Chaotic sensitivity and Lyapunov growth in Hamiltonian systems are well docu-
mented [4].

IT.a Observation model

We assume observations at times 0 < ¢, < -+ < tg,, < T. Let II, : R2¢ — R" be a fixed linear
observation operator (e.g., position projection in the three-body case).

Observations satisfy
Y = H'r'q)tk (9) + Tk, e ~ N(Oa R)7 (2)

with R symmetric positive definite. Gaussian observational models of this type arise naturally in
variational data assimilation and inverse problems [5, 6].

II.b Trajectory-space formulation

Variational trajectory inference can be formulated via minimization of a discrete action functional
consistent with a structure-preserving discretization of the Hamiltonian flow [13, 8]. Let F be a CP*!
symplectic integrator approximating ®;. We define

N
1 1%
j($0:N):§H$0—/~L0||2 ZkaH wk)||Q1+ leyk 2k -1 + 52\\xk|\2- (3)
k=0

kEIC

Such weak-constraint formulations are standard in data assimilation [5].
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II.c Imitial-condition pullback

Restricting to dynamically admissible trajectories x; = @y, (f), the objective pulls back to parameter
space:

1 %
To(6) = 5 3 e — T, ()3 + 5 6] @)
kek
Differentiation yields
VigTo =Z1(0) + R(0) + ul, (5)

where Z(0) is the Fisher information operator [6] and R(#) collects higher-order residual terms.

I1.d Identifiable subspace

Define the stacked sensitivity matrix

I, D%y, (0)
I, D®;, (6)
The identifiable subspace is
V() := range(A(0)"). (7)

Identifiability and information geometry in inverse problems are discussed in [6, 5].

Il.e Regularity assumptions

We assume H € CP+! and that the reference trajectory remains in a compact set €. Under compactness,
derivative bounds on D?(JVH) imply corresponding bounds on D?®; via standard ODE sensitivity
theory [12, §].

III Differential Structure of the Action Functional

This section establishes explicit derivative representations and uniform bounds for the action func-
tional (3) defined on the finite-horizon trajectory space. We work throughout with the Euclidean
product structure on

Xy = (RM)TH n = 2d,

equipped with the inner product and norm
T T
(@ 2y =D ok, 2w, ok =D =l
k=0 k=0

For a symmetric positive definite matrix A € R™*"™ we use

vll% == v Av, Amin(A), Amax(A) for its extremal eigenvalues.
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III.a Standing assumptions and tube-local bounds
We fix a horizon T' € N and a tube 7 C X on which uniform bounds hold.

Assumption 1 (Smoothness and derivative bounds of the flow map). The discrete flow map F : R™ —
R™ is of class C*. There exist constants M;(T) € (0,00) such that for allz € R™ with (xo,...,zN) € Tr
and for all j € {1,2,3,4},

D7 F(xp)|lop < Mj(T),  0<k<N-1, (8)
where ||+ ||op denotes the operator norm induced by the Euclidean norm, and D’ F is viewed as a j-linear
map equipped with its natural operator norm.

Assumption 2 (Uniform bound on model residuals inside the tube). Define the model residuals

ri(z) := xRy — F(xg) for 0 < k < N — 1. There exists p(T) € [0,00) such that for all x € T,

s [nu(a)] < p(T). ©)

The bounds (8) are standard consequences of smooth Hamiltonian dynamics combined with finite-
horizon tube control, and may be derived via Gronwall-type arguments for variational equations; see,

g., [12, 14]. Assumption 2 is natural in finite-horizon inference when the tube is chosen around
candidate trajectories with bounded model mismatch.

We also fix symmetric positive definite matrices @ € R™*™ and R € R™*", and a linear observation
operator II, € R™*" (typically a coordinate projection). Let K C {0,1,...,T} denote the observation
index set. Define the spectral constants

Gmin ‘= )\min(Q_l)7 Qmax ‘= )\max(Q_l)v Tmin ‘= )\min(R_l)7 Tmax ‘= )\maX(R_l)a

and
Tmin = )\min(H:Hr)v Tmax = )\max(H:H'r‘)~

III.b Gradient representation

We work on a finite time horizon of length 7' > 0 and fix a step size h > 0 with N := T/h € N. All
discrete trajectories are written zo.y = (7g,...,7x) € (R")V*1 and observation indices are subsets
K C {0,1,...,N}. The constants M;(T) (and derived quantities such as pes(7")) depend on the
continuous horizon length T', whereas IV is the corresponding discrete length.

Recall the action functional

T
1 L
T (@on) = 5llwo — poll* + Z k1 — Flar)llf-1 + 5 Z lyr — Tl +3 > Nl
k=0

2 (K
with p > 0.
Proposition 1 (Explicit gradient). For x € X, define ry(z) := 241 — Flag) for 0 <k < N —1.
Then J is C and its gradient V.J (x) € Xn has blocks
(VI (x))o = (x0 — o) — DF(z0) " Q™ 'ro(x) + Loex I R~ (a0 — o) + po, (11)

Q
(VI (2)k = Q 're—1(x) = DF(2x) Q7 'ri(2) 4+ Lpex I R (I, — i) + p, 1<k <N —1,
(12)
(VI (@)r = Q 'rr—1(z) + 1pex I R (pan — yr) + py . (13)
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Proof. Write J = Jprior + Jmodel + Jobs + Jreg, corresponding to the four terms in (10). The prior
and regularization terms are smooth with gradients

vacgjprior(x) = To — Mo, vxktjreg(x) = ULk (O <k< T)
For the observation term,
1
jobs(x) == 5 ];C(erk - yk)TRil(Hrl’k - yk)a

hence by direct differentiation,
vmkjobs(m) = lpex H:Ril(nrxk - yk)'

Finally, for the model term,

T-1

Jmodel(x) = % Z T‘k(x)TQ_lT'k({E), Tk(l.) = Tk+1 — F(xk)

k=0

Fix k. The block xj, appears only in r_1 and 7, (with the convention that r_; does not exist). Using
VU%HuHZ),I = Qv and the chain rule,

1
VgakiHTk_ﬂl‘)Héa = Q_lrk—l(x)’ (1<k< T)v
and 1
Vo lre(@)G1 = =DF(2) Q7 'ri(2),  (0<E<N—1).
Summing the contributions yields (11)—(13). O

The block-structured gradient in Proposition 1 is standard in variational formulations of finite-horizon
inference and data assimilation; see, e.g., [15, 16].

III.c Hessian structure
We now derive the block structure of the Hessian. For brevity write Ay, := DF(z}) and By, := D*F(zy).

Proposition 2 (Block tridiagonal Hessian with explicit remainder). The functional J is of class
C?. Its Hessian V2J(z) is a symmetric block-tridiagonal operator on Xy, whose blocks satisfy, for
0<k<ZT,

(V2T @)k = il + Lpex T R 4 Lpmol + Liany 1 AL Q' Ap + Li1 Q1 + Ri(z),  (14)
and for0 < k< N —1,
(V2T (@))kpi1 = —AL Q7 (V2T (2)ks1e = —Q ' Ag. (15)

Here Ry(x) is the (symmetric) remainder operator arising from second derivatives of F, defined by the
bilinear form
(u, Ri(2)v) = —(Bk[u, 0], Q7 'ri(x))  (0<k <N 1), (16)

and Ry (z) = 0. Moreover,
IRk (2)llop < Gmax | Brllop 7 (2)]l- (17)
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Proof. The prior, observation, and regularization contributions are quadratic in the blocks and hence
contribute constant Hessian blocks:

1 1 _
Viozog\\% —mol> =1, V2 .. slrecllye — ozl = 1pexIl) R7IL,

LTk 2
and V2 S lail|? = pl
zray 2 2uj=0 1517 = KL
It remains to differentiate the model term

T-1

Z re(x) T Q trp(z), rp(z) = xpe1 — Fak).

k=0

N | =

Tmodel (LE) =

Fix k € {0,...,T — 1}. Consider a perturbation h € X. The first variation of the kth summand is

(e @3 ) = (@' rala), dree)n).

with
5Tk(.1‘)[h] = hk+1 — Akhk.

Differentiating again in direction g € X'y gives the second variation

5 (5@ ) o] = (Q ri(@)], dre@lgl) +(Q " rie), 6ru(a)[hg]).

where 0274 (2)[h, 9] = —Bx[hx, gx] because only the F(x}) term is nonlinear. Thus

5 (S ) 6] = (haces — Awi QM gierr — Axgr) — (Bulhws gul, @ 'ria).

The first term generates the block-tridiagonal contributions Q! on (k+1,k+1), A} Q71 Ay on (k, k),
and —A;] Q! and —Q 1 A, on the off-diagonals (k, k+1) and (k+1, k), respectively. The second term
is exactly the remainder form (16), which contributes only to the diagonal block (k, k), and Ry =0
since no F(xx) appears. Finally, the bound (17) follows from Cauchy—Schwarz and ||Q~!{|op = ¢max:

[(w, Ri(@)v)| = [(Bilu, v], Q7 (@) < || Brllop el 0] gumax [l ()]

O
III.d Uniform coercivity of the Hessian
We isolate the observation contribution in operator form. Define the linear observation operator
S: Xy — (R")IXI (Sh)y, :== by, kekK,
and the corresponding (trajectory) observation information operator
Gobs := > EJIIRML By =8"(IoR)S. (18)

ke

Since observations are partial, G, may be singular. We write /\;in(gobs) for its smallest strictly
positive eigenvalue (equivalently, the smallest eigenvalue on range(Gobs))-

Identifiability viewpoint (link to Section V). If the quadratic regulariser ZZ:O o(z) =

%ZZ:O |lzx||? were absent (i.e. 4 = 0) and only partial observations were available, then Gops
would in general be singular and all curvature lower bounds would hold only on the identifiable
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subspace range(Gobs) (equivalently, on the quotient by ker(Gopns)). In Section V we adopt this
identifiable-subspace convention explicitly for the initial-state parameter #. The trajectory-space
and parameter-space information operators are linked by a pullback: if 2:(6) denotes the (discrete or
continuous) flow map from an initial condition to a trajectory, then

(0) = D(0) T Gons Dax(6),
so that eigenvalue bounds on G,ps transfer directly to Fisher-information bounds for 6.
Define the linear operator B, : Xy — (R™)T+! by
(Byzh)o := ho, (Byh)gt1 i= hgy1 — Aghg, 0<k< N -1

It is block lower-triangular with identity blocks on the diagonal, hence invertible.

Lemma 1 (A uniform bound on ||B;Y|). Assume || Axllop < Mi(T) for all k. Then for every x € Tr,

1B; Hlop < Sr(My(T) := > (My(T)) . (19)
§=0
Consequently, .
Umin(Bw) > m (20)

Proof. Solve B,h = z by forward substitution: hg = zp and hx41 = 2k+1 + Arhgk. Iterating yields
products of Ay with ||Ag| < M1(T), giving the stated geometric-series bound. O

Theorem 1 (Uniform coercivity with explicit constant). Let Assumptions 1-2 hold. Then for every
z € Tr,
V2T (2) = per(T) Lay,

where
et (T) := o + Guin ST(M1(T)) ™ 4+ A (Gobs) = gmax Ma(T) p(T), (21)

and

Proof. Combine the positive model-mismatch quadratic form with the lower bound g, |B.h|? >
Guin ST (M1 (T))~2||h]|? (Lemma 1), add the p||h||? regularization and the observation quadratic form
(h, Gobsh), and subtract the worst-case remainder bound [|Ry(z)|| < @maxM2(T)p(T) from Proposi-
tion 2. O
Remark 1 (Role of partial observations in peg(T)). The term At. (Gons) in (21) captures the addi-
tional curvature contributed by observations on the identifiable subspace. When u > 0 the functional
J is strongly convex even if Gons s singular; the ,\;in(gobs) term simply sharpens the lower bound. In
contrast, for purely likelihood-based formulations (u = 0) coercivity can only be asserted on range(Gobs),
consistent with the identifiable-subspace Cramér—Rao bound in Section V.

Remark 2 (Link to initial-condition information in Section V). Section V treats the initial condition
0 = xo as the parameter and expresses information in terms of D®y, (0). The present coercivity result
is stated on the trajectory space Xp. The two viewpoints are consistent: restricting J to dynamically
admissible trajectories x(0) = (P4, (0),..., P (0)) and applying the chain rule yields a pulled-back
curvature operator on 6 of the form

Dx(0)" V2T (x(9)) Dz(6),

whose observation component coincides with the Fisher information Y, o, (D®y, () TILT R™L, D®,, (6).
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ITIl.e Third derivative bound

Theorem 2 (Uniform third derivative bound). Under Assumptions 1-2, for all x € Tr,

172 (@) llop < La(T) = G (6M1(T)Ma (T) + 2p(T) Ms(T)). (22)
Proof. Only the model mismatch term contributes. Differentiate $r) Q~'ry three times using ry[h] =
hgt1 — Aghg, 8%rglh,g] = —Bi[hg,gr] and 8*rglh, g,0]) = —D3F(x)[hk, gk, £k], then bound each
multilinear term by Cauchy—Schwarz and operator norms. O

ITI.f Fourth derivative bound

Theorem 3 (Uniform fourth derivative bound). Under Assumptions 1-2, for all x € Tr,

V4T (@) ]lop < La(T) = qumax (18 My(T)? + 12 My (T) M3 (T) + 2 p(T)M4(T)). (23)

Proof. Differentiate the third-variation expression once more. The resulting terms involve D?F - D?F,
DF - D3F, and ry, - D*F, which are bounded using Assumptions 1-2. O

IV Basin-of-Attraction Geometry of High-Order Iterations

We study stationary-point iterations for the nonlinear equation
f(z) =VJ(x)=0, x € Xp, (24)
where J is defined in (10). We write
J(z):=Df(z) =V?J(x),  D’f(z)=VJ(x), D’f(z)=V'I ().

IV.a Standing hypotheses for basin analysis

Fix a tube 7 C X7 as in Section III. We assume that 7t is star-shaped with respect to a solution
x* € Tr.

Assumption 3 (Tube-local regularity and strong monotonicity). There exists * € Tr such that
f(z*) = 0. Moreover, on Tp:

1. (Uniform coercivity) J(z) = peg(T) I for all x € Tr, with pes(T) > 0 from (21) (which now
includes the trajectory observation information A (Gobs) defined in (18)).

2. (Uniform third derivative bound) || D? f(z)lop < L3(T) for all x € T, with L3(T) from (22).
3. (Uniform fourth derivative bound) || D3 f(2)|lop < La(T) for all x € Tr, with Ly(T) from (23).
Lemma 2 (Lipschitz continuity of the Jacobian). Under Assumption 3(ii),
1J(x) = JW)llop < Ls(T) [lx = yll,  Va,y € Tr.

Proof. Use the fundamental theorem of calculus: J(z) — J(y) = fol D?f(y +t(z — y))[z — y] dt, then
take norms and apply | D?f|| < L3(T). O

Lemma 3 (Inverse bound). Under Assumption 3(i), J(zx) is invertible for all x € Tr and

1
eff (T) .

17 () lop < p

Proof. Immediate from J(x) = peg(T)1. O
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IV.b Newton basin theorem
Newton’s method for (24) is
g mFD = g(m) g m) =L p (M), (25)

Theorem 4 (Newton basin and quadratic contraction). Assume Assumption 3 and B(z*,r) C Tr.
Let

prefi (1) } '

rN(T) := min {r, 5Ls(T)

If |29 — 2*|| < rn(T), then Newton iterates are well-defined, remain in B(z*,7n(T)), and converge
to x*. Moreover, with e, := x(™) — z*,

L3(T)

em < ———llem 2,
|| +1|| Q,Ueff(T) || H

Proof. Let e := 2 — 2* and = € B(z*,rn(T)). Using f(z*) =0,
1
J(2)e — f(z) = / (J(2) — J(a* +te))e dt,
0
- Ls(™) 11612
hence by Lemma 2, ||.J(z)e — f(z)| < =%5~|l¢||*. Then
1 Ls(T)

IV (2) = a*]| = |17 (2) " (J(@)e = f(2))I < @) =5 llell®.

Invariance follows from |le|| < peg(T)/(2L3(T)). O

IV.c Halley basin theorem
Halley’s method (order 3) can be written as [17, 18]

1 —1
x(m-i-l) — .T(m) - (I _ 5 J(:L‘(m))_l sz(x(m))[pm]) Drms D, 1= J(Sc(m))_lf(x("L)>. (26)

Theorem 5 (Halley basin and cubic contraction). Assume Assumption 8 and B(x*,7) C Tr. Define

_ Meft (T) Ly (T)

(1) = )

. 1 tog (T) N\ 1/2
rg(T) :=min 7, .
#(T) { 4 1+n(T)(L3(T)) }

If |2 — 2*|| < ry(T), then Halley iterates are well-defined, remain in B(x*,rg(T)), and converge to
x* with

_ 2L3(T)? Ly(T)

ma1ll < Cu(D)|enl®,  Cu(T):= '
lems1ll < Cua(T)llemll u(T) pet(T)?  Bpes(T)

Proof. Standard Banach-space Halley analysis using cancellation in the third-order Taylor expansion
and bounds ||J Y| < 1/peg(T), ||D?f|| < L3(T), | D3f|| < L4(T); see [17, 18]. O

IV.d Householder order-p theorem

For general order-(p + 1) Householder methods, one obtains basin scaling [19, 17, 18].
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Theorem 6 (Householder basin scaling). Fiz p > 1. Assume J(x) > peg(T)I on Tr and that
DY f(2)]lop < Le(T) for £ =2,...,p+ 1 on Tr. Then there exist constants c,, C, > 0 depending
only on p such that the order-(p + 1) Householder iterates converge from any 2O with

* . Heff T 1/p
|29 — 2*|| < 7,(T) := min {r, CP(LH((;)) },
p

and satisfy

+ Lpa(T) m +
(m+1) _ x| < ¢ (222 ) (m) _ px||p+1
T x x x .
H ”— P( Lo (T))” ”

Proof. Classical majorant analysis for Householder methods in Banach spaces; see [19, 17, 18]. O

IV.e Three-body instantiation of basin radii

In the planar three-body regime of Section V, the general radii ry(T), rg(T), and r,(T) can be
expressed in terms of explicit physical constants. Indeed, Lemma 4 yields an explicit bound L; on
|Df|l away from collisions, and Lemma 6 and (39) together with Theorem 7 provide an explicit lower
bound on the observation information through the finite-time Lyapunov exponent A(¢; ).

Corollary 1 (Three-body basin scaling in explicit constants). Assume the three-body trajectory re-
mains in the collision-free set Q on [0,T] and that the tube T is chosen so that Assumption 8 holds.
Then the Newton basin radius satisfies

Meff(T)
() 2 Ly(T)’

with peg(T) given by (21) (hence containing A\ (Gobs)) and L3(T) given by Theorem 2. Moreover,
using the FTLE-controlled information bound (39) from Section V, At. (Gobs) can be lower bounded
explicitly by ar Y e exp(—2trA(ty;0)). The corresponding Halley and Householder radii obey the

analogous explicit scalings

) z (BN 2 (L

with constants depending only on the order.

Proof. This is a direct substitution of the three-body explicit information lower bound from Section V
into Theorems 4, 5, and 6. U

V Three-Body Specialisation and Sample-Efficiency Bench-
marking

The general results of Sections II, ITI, and IV apply to finite-horizon inference for smooth Hamiltonian
systems. We now specialise the analysis to the planar three-body problem, a canonical chaotic Hamil-
tonian system. Its importance here is twofold: (i) it exhibits strong sensitivity to initial conditions on
moderate horizons, and (ii) its Hamiltonian structure yields additional algebraic control on sensitivity
matrices via symplecticity. This makes it a natural benchmark for comparing trajectory inference
procedures—including learning-based predictors—at the level of provable sampling requirements.

Throughout, we treat the unknown parameter as the initial state § := o, € R'? and consider collision-
free trajectories on a finite horizon [0, T]. All constants are made explicit in terms of the masses, G, a
minimal separation margin, and bounds on the observation covariance.
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V.a Planar three-body Hamiltonian and admissible set

Let my,ma,mz > 0 and let ¢;(t) € R2, p;(t) € R? denote positions and momenta. The Hamiltonian
on R is
I

Z Gmimj (27)

2mi | = g - gl

3

»;

H(g,p)=> Ip:
=1

Write © = (¢1, 92, g3, P1, P2, P3) € R'2? and denote by J € R'2*!2 the canonical symplectic matrix. The
continuous dynamics are & = JVH (z), and we write the flow by x(t) = ®:(0).

Fix constants dy > 0 and B, > 0, and define the admissible set
Q= {o=(q.p) €R™ : min g g > do, max ]| < B, }. (28)

We assume the reference trajectory remains in Q for all ¢ € [0,T]. This excludes collisions and yields
uniform derivative bounds.

V.b Explicit derivative bounds for the three-body vector field

Let f(z) := JVH(z) be the Hamiltonian vector field. Since the kinetic term is quadratic and the
potential is a sum of Newtonian terms, all derivatives of f can be bounded explicitly on €.

Define
Mypin = Minm;, Mmax ‘= Max m;, My = m<ax(mimj).
i i i<j
Let || - || denote the operator norm induced by the Euclidean norm.

Lemma 4 (Explicit bounds on Df and D?f on Q). On 2, the Jacobian D f(x) satisfies

G M
IDf(z)|| < Ly := max {m;}n, Cy —=12 } zeQ, (29)
dy
and the second derivative satisfies
G M
|D?f(x)|| < Ly := Cy —22 z € Q, (30)

where C1,Cy > 0 are absolute constants depending only on the embedding dimension (here 2) and the
number of bodies (here 3).

Proof. Write f(x) = (¢,p) with ¢; = p;/m; and p; = =V, U(q) where U(q) = 3=, _; Gmim;/|l¢; — 4]
1

1 -
= Mypin-

The kinetic contribution yields a constant block in Df of size ||0¢/0p| = max; m;
For the potential term, note that for r € R?\ {0}, the map r ~ r/|r||* has Jacobian with norm
bounded by ¢/||r||* for an absolute constant ¢ > 0. Each pairwise interaction contributes such a term
with coefficient Gm;m;. Summing over the three pairs and using ||¢; — ¢;|| > do on Q gives (29) with

an absolute constant C; absorbing both ¢ and the finite number of pairs.

A similar calculation one derivative higher yields that the Hessian of r + r/||7||® is bounded by ¢’/||7||*
for an absolute constant ¢/ > 0. Summing again over pairs yields (30) with Cy absorbing ¢’ and the
finite number of pairs. O
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V.c Symplectic sensitivity and finite-time Lyapunov control

For each t, the Jacobian D®,(#) € R12X12 is symplectic:

(D®,(0))"J D®,(0) = J. (31)
Consequently, the singular values of D®;(0) occur in reciprocal pairs [20, 21]. In particular,
1
Tmin(DP;(0)) = T D®1(6)) (32)
Define the maximal finite-time Lyapunov exponent along the reference trajectory by
A(t;0) = %log Tmax(DP¢(0)), t >0, (33)
so that
Tmin(DP(0)) = exp( — t A(t;0)). (34)

Lemma 5 (Deterministic upper bound on A(t;6)). Assume ®4(0) € Q for all s € [0,T] and let
Ly :=sup,cq || Df(z)| (bounded explicitly in Lemma 4). Then for all t € (0,T],

0<A(t:0) < L. (35)

el by Grénwall, and therefore A(t;6) = 1108 Omax(D®;) < 1log [ D®,|| < L;. Nonnegativity follows
since Omax(D®Pp) = 1 and opax is continuous. O

Proof. The variational equation gives | D®,|| < | Df(®,)|[||D®]|, hence |[D®;|| < elo IP/(®)llds <

V.d Observation model, identifiable subspace, and Fisher information
We observe only planar positions with Gaussian noise:

yp =g @4, (0) + 15, me ~N(O,R),  keK, (36)
where II, : R — RS extracts (¢1, 2, ¢3) and R € R%*¢ is symmetric positive definite.

Since only positions are observed, the Fisher information is generally singular on R'2. All eigenvalue
bounds below are interpreted on the identifiable subspace determined by the sampling schedule, equiv-
alently on the quotient by the nullspace of the linearised observation operator.

Definition 1 (Identifiable subspace and A. ). Define the stacked sensitivity matriz

Doy, (0)

A(9) = : eRO™120 K ={ky,..., km}.

,D®, (0)
Let V() := range(A(0)T) C R'2 be the identifiable subspace. For a symmetric positive semidefinite
matriz M, we write X=. (M) for its smallest strictly positive eigenvalue, i.e. the minimum of v’ Mv
over v € V(0) with ||v]| = 1.
Let A5 1= Amax(R) and set ap := 1/AF*.

Lemma 6 (Explicit Fisher information). The Fisher information matriz for 6 under (36) is

7(0) = Y (DD, (6)) 11 R™M1,DPy, (0) = A(D) " (L © R™1)A(0). (37)
kek
Moreover,
Ain(Z(0)) > ar Z Omin(D Py, (9))2. (38)
ke
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Proof. The expression (37) follows from standard differentiation of Gaussian likelihoods with mean
II,®;, (#) and covariance R. For the lower bound, note H;R’lﬂq = aRH;qu. For any v € V(6), at
least one block II,D®,, (f)v is nonzero by definition of V(6), and

vTZ(O)w =Y [T Dy, (O)v]7-1 > ar Y [HgDPe, (0)0]® > ar Y omin(D, (6)) g0,
ke kex ke

and on V() the restriction yields the stated bound in terms of A, . O

Using (34) in (38) yields the sharper, trajectory-dependent estimate

Ain(Z(0)) = ar Y exp(— 2tpA(ts:0)). (39)
ke

By Lemma 5, this implies the conservative bound Al (Z(6)) > ag >, o €210,

min

V.e A self-contained Cramér—Rao inequality
We state a Cramér—Rao inequality for unbiased estimators of # and include a complete proof.

Theorem 7 (Cramér-Rao bound on the identifiable subspace). Let 8 = 8({yx }rex) be an unbiased

estimator of 0, i.e. Eg[f] = 0, with finite covariance. Then on the identifiable subspace V(0),

COV9(§)’V(9) = (1(9))T|v(9)’ (40)

where T denotes the Moore—Penrose pseudoinverse. Consequently,

12

= Nn @Oy ()

Eoll6 —0]* > tx(Z(0)")

Proof. Let pg(y) be the joint density of the observations under parameter 6, and define the score

s9(y) :== Vglogpe(y). Under Gaussian regularity, Eg[sg] = 0 and Eg[sgsd | = Z(0).

Unbiasedness implies Eg[0] = 6. Differentiate both sides with respect to 6 to obtain
s = VoEald] = [ 66) Vapa(w) dy = [ 000)po(w) s0(0) dy = Eald 7).
Subtracting § Eg[sg] T = 0 yields

112 = Eg[(é — 9) Sér]
Let A := Covg(f) and B := Z(6). For any u € R'2,
uw'u=u"Eg[(6 —0) s Ju=Eg [uT(é —0)-u'sg].
By Cauchy—Schwarz,
lull* < (u" Au) (u” Bu).

If w € V(0) then v Bu > 0. Rearranging gives u' Au > |lu|*/(uT Bu) on V(#), which is equivalent to
Aly(oy = B[y (g), yielding (40). Taking traces and using tr(BY) > 12/}, (B) establishes (41). O

Combining (41) with (39) yields the explicit, trajectory-dependent lower bound

12

Eol|6 — 0> > '
oll - > aRZkeKexp(*thA(tho))
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V.f Explicit sampling corollary for uniform schedules

Assume uniform sampling t;, = khs with k =0,..., N and (N +1)hs < T. Using the worst-case bound
A(ty;0) < Ly, we obtain

N N L 1 — e—2L1(N+D)h,
Zexp(—2tk/\(tk;9)) > 267 = 1 _ e—2Lih,

k=0 k=0

If 2L1hs <1, then 1 — e~ 2L17s < 9L, h, and 1 — e 2Li(N+Dhs > 1 g2 T yielding

12 1— e 2Lths 6L1hs 1 1

52 12
Eoll6 —0]" > ap 1 —e2li(N+Dhs = qp 1 —e 2017 N4 1°

(43)

Here L, is explicit from (29), hence the bound depends only on muyin, G, Mi2, do, Amax(R), and the
sampling schedule.

V.g Learning-based predictors as three-body estimators

Learning-based predictors for the three-body system include: (i) PINNs that parameterise trajectories
and fit them by enforcing dynamics residuals and data mismatch [9, 22|; (ii) neural ODE approaches
that parameterise the vector field and infer initial conditions by backpropagation through the solver
[10]; and (iii) Hamiltonian/symplectic architectures that parameterise H (or an equivalent structure-
preserving representation) [11, 23]. When applied in the same statistical setting (36), each such
method produces an estimator 6(y) (or an equivalent finite-dimensional parameter estimate). There-
fore, all such predictors are subject to the explicit information bound (42) and its uniform-sampling
consequence (43): no estimator can circumvent the sampling threshold dictated by the three-body
sensitivity spectrum encoded in A(¢;6) and the collision-free constants in (29).

VI Discussion and Conclusion

We have developed a quantitative basin-geometry theory for high-order stationary-point iterations
applied to finite-horizon trajectory inference in chaotic Hamiltonian systems. The central technical
step was to express the variational objective as an action functional induced by a (symplectic) discrete-
time Hamiltonian flow, and then to derive explicit bounds on its second, third, and fourth derivatives
on a collision-free tube of trajectories. These bounds yield coercivity on the identifiable subspace and,
in turn, explicit basin-of-attraction radii for Newton, Halley, and general Householder iterations.

Forward instability versus inverse conditioning. A recurring source of confusion in chaotic
mechanics is the conflation of forward-time instability with ill-posedness of inverse trajectory problems.
Our results separate these effects: forward chaos manifests through the growth of derivative bounds
(equivalently, the stretching spectrum of the flow), while inverse conditioning is controlled by the
competition between (i) coercivity of the induced action functional on the identifiable subspace and
(ii) nonlinear distortion measured by higher-order derivatives. This separation is made explicit in the
basin radii, which scale as ratios of curvature constants to higher-order derivative bounds, and in the
sampling-dependent information lower bounds, which depend on finite-time Lyapunov growth along
the reference trajectory.

Why higher-order methods enlarge admissible initialization. Newton’s method is governed
by a third-derivative distortion constant, whereas Halley and higher-order Householder methods ad-
ditionally exploit cancellation of lower-order error terms. The resulting admissible radii scale as
rN(T) = pie(T)/Ls(T) for Newton and 7z (T) =< (peg(T)/Ls(T))Y/? for Halley, with the general
Householder radius 7,(T) < (tte(T)/Lp+1(T))*/P. In chaotic regimes, L,41(T) grows with horizon
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length, so these formulas make precise both (a) the benefit of higher order at fixed T and (b) the
inevitable basin shrinkage as T' increases.

Three-body specialisation and sampling efficiency. For the planar three-body prob-
lem, symplecticity implies the reciprocal-pair structure of singular values of D®;, yielding
Omin(D®;) = Omax(D®;)~! and therefore an information lower bound in terms of finite-time
Lyapunov exponents. This gives a sharp and physically interpretable obstruction: no estimator
can surpass the sample-efficiency threshold dictated by the sensitivity spectrum of the flow and the
observation covariance. In particular, the analysis identifies how sampling schedules must compensate
for instability to maintain non-degenerate information on the identifiable subspace.

Limitations and extensions. Our analysis assumes collision-free trajectories on a compact admis-
sible tube, ensuring uniform derivative control. Extending the theory to allow close encounters would
require a refined local analysis with state-dependent constants. Second, we treat fixed observation
operators and Gaussian noise; more general partial observations and heavy-tailed noise can be incor-
porated by modifying the observation term and repeating the coercivity analysis on the corresponding
identifiable subspace. Third, while we analysed sampling density in Appendix A, an important direc-
tion is adaptive sampling: selecting measurement times to maximise A\T. (Gops) subject to constraints.
Finally, although the three-body problem is a canonical chaotic benchmark, the framework applies
verbatim to other smooth Hamiltonian systems and to other structure-preserving discretizations, with

constants computed from the corresponding vector-field derivatives and sensitivity growth.

Conclusion. The main message is that basin geometry in chaotic Hamiltonian inference is governed
by explicit, computable constants: coercivity on the identifiable subspace competes against higher-
order distortion induced by flow sensitivity. High-order Householder iterations provide provably larger
admissible initialization radii than Newton, but no method can avoid the fundamental sampling barrier
imposed by finite-time Lyapunov growth. These results supply a rigorous, mechanism-level explana-
tion for observed instability in practical trajectory reconstruction, and provide a principled basis for
designing solvers and sampling schedules in chaotic mechanical systems.

A Appendix A: Sampling Density and Gramian Lower Bounds

A.a Setting and notation

Let n € N and consider a discrete-time dynamical system
Tpt1 = F(zg), k=0,1,...,N -1, (44)

where F': R” — R" is C2 on a neighbourhood of a reference trajectory zo.n = (Zg,...,ZN)-

Fix a linear observation operator O € R™*" and a positive definite covariance R € R"*". We observe
at indices K = {k1 < --- < kp} C{0,1,..., N} with Gaussian noise:

Yk, = Oxki =+ Mk, 5 Nk; ~ N(07 R) independent. (45)
Define the state transition Jacobians along Zg.nx by

By i {DF(xk_l)DF(xk_g) ...DF(z;), j<Fk )

I? j:k,

so that the linearized perturbation obeys dx; = ®g.x dxg.
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A.b Observation Gramian
The (discrete) observation Gramian on the initial condition is

Gobs := »_ 80y, OTRTIO Dy, € R (47)

i=1
It is symmetric positive semidefinite. Its smallest strictly positive eigenvalue /\rf]in(gobs) governs cur-

vature on the identifiable subspace range(Gobs)-

For any v € R",

0 Gopsv = Y [|0@0up, 071 (48)
=1
A.c A density-based lower bound

We provide a lower bound that is explicit in the sampling schedule. Assume there exist constants
0 < g <7 < oo such that for all k € {0,..., N},

alloll < [[@oxvl| <Tlvf] Vo eR™ (49)

Assume also that the observation operator has a uniform lower bound on a fixed subspace Y C R",
ie.,

|0ull = kllull  Vueu, (50)
for some k > 0.

Define the propagated subspaces Uy, := @(;,ﬁu and suppose that for the chosen sampling set IC there
exists a subspace ¥V C R™ and an angle parameter p € (0,1] such that for every v € V and every
1=1,...,m,

HPU(I)OJQUH >p ||(I)0:k1',v||7 (51)

where P, denotes orthogonal projection onto U.

Lemma 7 (Gramian lower bound on a controlled subspace). Let (49)—(51) hold and set ar :=
Amin(R™Y). Then for allv €V,

v Gonst > mag (kp)*a? ||| (52)

Consequently, A\min (gobs |V) > mag (kp)? o?.

Proof. Fix v € V. Using (48) and arl < R™1,

m m
0" Gopst = Z 10Do.k, v F-1 > ar Z 10D, 0],
i=1 i=1

By (51) and (50),

|O@o.1,v|| > [|OFPyPo.k,v|| > & || PuPor, vl > kp || Po.r,v||-

Finally, (49) gives ||®o.x,v|| > o|lv|| for all i. Summing yields (52). O
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A.d Interpretation

Lemma 7 isolates three mechanisms: (i) measurement strength (ag, k), (ii) alignment of propagated
directions with the observed subspace (p), and (iii) expansion/contraction of the linearized flow (o).
Once the alignment condition (51) is ensured along the sampled indices, the sampling density enters
through m = |K]|.

This appendix is self-contained: all quantities and assumptions used to bound Ggps are defined above,
and no external references are required.

B Appendix B: Explicit Derivative Expansions for the Discrete
Action

B.a Discrete action functional

Let F : R® — R™ be C* on a neighbourhood of a reference tube. Fix symmetric positive definite
matrices @ € R™*" and R € R"™*" and a linear observation operator O € R"*". Let K C {0,1,...,N}.

For zo.x = (20, ...,7n) € (R?)N+1 define the discrete action
1 LL ol
T (o) = 570 — ool + Z s = P+ 5 3 e — Orelfs + 5
keIC k=0
with g > 0.
Write the model residuals and observation residuals as

T = xRy — Fag) € R”, e :=yr — Oz €R". (54)

B.b Gradient
Let Ay, := DF(x)) € R™*"™. A direct differentiation of (53) yields the block gradient:

Vo J = (x0 — po) + pzo — ATQfl (55)
szjz,ux]—i—Q ’I‘J 1—A Q 1{]€K}O R ].S]SN—]., (56)
Vaond =pry +Q~ erl_l{NeIC}O R~ eN. (57)

B.c Hessian: block tridiagonal structure

Let Hy(-,-) := D?F(xy)[, ] be the bilinear second derivative. The Hessian V27 (xo.n) is block tridi-
agonal. For 1 < 5 < N — 1, the diagonal block is

V2T =nl+Q '+ AJQ'A; - T; + 1;e,0 RO, (58)
where 7; is the linear operator defined by
Tilvl == (D(A] Q'rj)[v]) = H;(v, ) (@ 1ry). (59)
The off-diagonal blocks are
Vi, J=-ALQ7 Vi, J=-Q7 (60)

with symmetry giving the transposed counterparts.
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B.d Third and fourth derivative bounds
Assume there exist constants My, My, M3, My such that on the tube

IDF(2)|| < My, ||ID*F(z)|| < Ms, ||D*F(2)| < M, |D'F(z)] < Ma. (61)

Then V37 and V47 exist and are supported on at most four consecutive time indices (block sparsity).
Moreover, there exist constants Ls, Ly depending only on

(M, Mz, M3, My), [|Q*], IR, IOll, . N,
such that
V3T (wo.n)|| < Ls, VAT (zo.n)|| < La. (62)
A conservative explicit choice is

Ly < c3||Q7 Y| (M + MM, + Ms) + 5 ||[R7H| | O, (63)
Ly < ey |Q7H| (M3 + M3 + My Ms + My) + cy |[R™H|[|O]*, (64)

for absolute constants cs, ¢, ¢4, .

B.e Self-containment

All quantities used above are defined within this appendix: the action functional (53), residuals (54),
and derivative bounds (61). No reference to experiments or to any external section is required.
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