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Abstract: In this article, we investigate the (241)-dimensional damping forcing coupled Burgers
equation, which is obtain by adding damping and forcing terms from couple Burgers equation. The
Lax pair of the (2+1)-dimensional damping forcing coupled Burgers equation is establised. With the
help of Lax pair, we derive the N-fold Darboux transformation of (2+1)-dimensional damping forcing
coupled Burgers equation. Using one fold and two fold Darboux transformation, we demostrated some
wave solutions including solitary wave solution and periodic wave solution. The impact of damping and
forcing terms in solitary wave solution and periodic solution is graphically demostrated.

Keywords: Damped force Burger equation, Lax pair, Darboux tarnsformation, Solitary wave solution,
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I Introduction

Integrable or non-integrable linear and nonlinear differential equations are very essential to study
the various features of nonlinear physical phenomena in real life problems. To study the nonlinear
physical phenomena, the exact solutions of the linear and nonlinear differential equations plays an
important role in various branch of science as physics, chemistry, biology, engineering and economics
etc. The theory is well developed to construct the exact solutions of the linear and nonlinear differential
equations by various analytic methods as Darboux transformation [1], inverse scattering method [2]- [3],
Hirota bilinear method [4], algebro-geometric method [5]- [6], and Lie group method [7], etc. The
(24+1)-dimensional damping forcing coupled Burgers (DFCB) equation read as

U — 2Uy + gum —3v, — S(t)u =T(t),
1)
3 (

Vg — 20y — Uy + Ugge + P(t)uu, — o Vaa + R(t)u, — S(t)v =T(t),

where u = u(z,y,1),v = v(x,y,t), P(t) = 1k, R(t) = — 58, S(t) = 5 and T(t) = H'(t) - XL H ().
The (2+1)-dimensional DFCB equation (1) was modelled by introducing damping term S(¢)u and
forcing term T'(t) from couple Burgers equation [8]. The main object in this paper is to study the
(2+1)-dimensional damping forcing coupled Burgers equation by using Darboux tranformation and Lax
pair. The existence of Lax pair of a linear or nonlinear differential equation ensure that the equation is
integrable in the sence of Lax pair [9]. The Darboux transformation is a powerful tool to construct
various prestigious solutions such as solitary wave solution, periodic solution, positon solution, negaton
solution and complexiton solution, etc. of the nonlinear differential equation [10]- [11].

The present article is organized as follows. In section 2, we construct the Lax pair of (2+1)-dimensional
damping forcing coupled Burgers equation and confirmed its intigribility. In section 3, we derived the
N- fold Darboux transformation of (2+1)-dimensional damping forcing coupled Burgers equation via
its Lax pair. Finally in section 4, we construct some wave solutions especally solitary wave solution
and periodic wave solution by using one fold and two fold Darboux transformation.
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II Lax Pair of Damping Forcing Couple Burger Equation

In this section, we demostrated the Lax pair of the DFCB equation. The Lax pair of the DFCB
equation defined as

Lp =1y, oy = M1, (2)
where
CH(t) .  v—H()
OO

—H(t)

3 u u+v—2H(t)
I, M=09+:-02 —_—
; 8I+2(9x+ A

_ a3, U
L=20,+ A

Op + 0y + I. (3)
Here L and M is called the Lax operators and I read as the identity operator. By the compatibilty
conditions ¥,,+ = Wi, and , the equations (2) reduced to zero curvatutre equation (L; — My + LM —
ML) = 0, which is equivalent to DFCB equation (1). Thus the DFCB equation (1) is integrable

through Lax pair.

IIT Darboux Transformation

Darboux transformation takes an important role in building multi-soliton solutions via the old solutions
of integrable systems. From a given linear system of integrable systems, these transformations are
inferred. We first go over a few theorems and propositions connected to the current research before
attempting to deduce the solutions to the DFCB equation.

Theorem 1 Suppose 1 is a non zero particular solution of Laz pair (2). Then ¢[1] = (0, — 0, log )Y
is the new eigen function which obeys the Lax pair L[1][1] =, [1], W.[1] = M[1][1] corresponding
to the potential,

u[l] = u + 3A(t)0% log by, v[1] = v + uy + 3A(t)(9, log 1102 log 1y + 03 log1y). (4)

v[1] — H(t)
A()

I, Mm=@+§@+ﬂﬂ®f@

0y + 0y +

Let the linear tranformation that is called Darboux transformation defined on + in (2) by

where, B = —0, log; and 1 is a non zero particular solution of Lax pair (2). From (6), we have

u— H(t) v—H({) u, u—H(t)

B — AU(Z) )ZZJ + B%, %[1] = wacy + Bi/}y + By¢-

v—H(t)
A(t)

+ (B;cacaf -

We construct two expressions A and A’ such that

A=LAWA —y[1], A= [1] - M[Jp[1], (8)
where
mu—£+ﬁmkéﬂ”m+“m&£“UJmu=@+2%+“m&sm%a+@+UM+ﬂi;”ﬂ”L
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Substituting the values of ¥[1] and its spatial derivatives ©;[1], ¥zs[1], Yaze[1], and 9, [1], into equation
(8), we have

where
B u—H(t) wu[l]— H(t) B v—H(t) Uy u— H(t) u[l] — H(t) v[l] — H(t)
B v— H(t) vy - u[l]— H(t) v[l] — H(t)
As = (Bygz — NG B IO + A B, + A B - B,)
(11)
and
,_u—H(@) u[l] — H(t)
A1 ( A(t) —3B; — A(t) )7
, v—H(t) w—H(t) u—H(t) u[l] — H(t) uy  u[l]+o[l] — 2H(t)
27 3n faw Cam DT T iw PrAw T awm
;L u— H(t) v—H(t) 3 u[l] — H(t) Uy + v, ull] +v[l] —2H(t)
(12)
For new potential we consider A; = 0 and Ay = 0, so the new potential becomes
u[l] = u — 3A(t) B, = u + 3A()02 log 11, (13)
v[1] = v +uy + 3A()(BBy — Bya) = v + uy + 3A() (0, log ¥102 log ¥y + 02 log 4y ).
Therefore the new Lax pair corresponding to new potentials u[1] and v[1] becomes
LAY[] = ¢y[1], w[1] = M[1]y[1]. (14)

Hence by the compatibilty condition, we can ensure that u[1] and v[1] are the new exact solution of
DFCB equation corresponding to old solution u and v of the DFCB equation.
This complete the proof.

Theorem 2 Let 1, vo, 3, -+, N be the non-zero particular solutions of the linear equations (2).

Then the new eigen function Y[N]| = Méél({z;/’;;/iswg]ﬁ) satisfy the Lax pair LIN|Y[N] = 1,[N],

Y [N] = M[N]¢[N] corresponding to the potential stated below

U[N] = ’U’+3A(t)8£ IOgW(¢1>¢27¢37"' awN)7
w17w27"' 7¢7”) 82 (77[]172!}27"' aw'r)

N
v[N] = v+ Nu, + 3A(t Z(& log + 03 1og W (1,42, - - 7wr)>
r=1

(¢17¢27"' 7w7" 1) (¢1a¢23"' a¢7‘—1)
(15)
where
[N] - H(?) v[N] - H(?) _ 3 u[N] — H(t) u[N] +v[N] - 2H(?)
[N] =0, A %t R D MINI= 0+ 500+ S0 k0, o I
(16)
and W (11,2, 3, -+ ) = det(01,02,0s, -+ ,0k), 0; = (Y, 0.0, 0%, -, 0K ~1p;)T is the column

vector forming by v; and its partial derivatwes upto (K 1) th order with respect to the variable x ,
j: 1a2737"' aN
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We use the induction theory to prove the above result for N-fold Darboux transformation. For N =1,
we proved in theorem 1, the result is true for one-fold Darboux transformation. Now we shall prove the
result is true for N = 2. Again we apply the one-fold Darboux transformation in equation (14) defined
as

P[2] = (9 — Oy log 1 [1]) (1] (17)

Where 91[1], is the nonzero particular solution of (14). The value of 1;[1], one can obtained by (6) is
(1] = W Here )5 is the non zero particular solution of (2). By equation (6), the expression of

¥[2] in equation (17) can be written as in the following form

W (1,12, 1)
v = W (1,12)

which is called 2-fold Darboux transformation on ¢ in (2). Then the new potentials becomes

(18)

u[2] = u[1] + 3A(t)07 log ¥ [1], v[2] = v[1] + ug[1] + BA(t) (0, log ¥4 [1]92 log b1 [1] + 02 log ¢ [1]).
(19)

Subtitutiong the values of u[1], v[1], and 1, [1] into above expression, we have

2
o= 42 43N (o )

r=1

W(wh wQa o awT)
W(wlvaa e 7¢T—1)

log
(20)

Thus the result is true for N = 2.
We proved the Darboux transformation result is true for N =1 and N = 2, we shall assume the result
is true for N = K, therefore for K- fold Darboux transformation on ¢ in (2) is

_ W(¢17¢27¢37 1/’1(#/’)

viK]= W (1, ¥2, Y3, .. ¥k) &0
Thus ¥[K] obey the followings equations
LIKIPK] = ¢y [K], ¢i[K] = M[KJ[K] (22)

where the new potential becomes after K-fold Darboux transformation

U[K] =u-+ 3A(t)a§ 10gW(¢17¢2ﬂ/}3a T 7¢K)a

W(’L/}17’(/}27"' 71/)7") 82
W(¢17¢27"' 711[}7'—1) ‘

W(wtha o 7wT)
W(d}lvaa e 7¢7‘—1)

v[K] =0+ Kug +3A() Y (ax log

r=1

log
(23)

and W (11,102,103, , ) = det(01, 02,03, -+ ,0k), 0; = (¥j, 015,025, -+ , 05 ~14p)T is the column
vector forming by v; and its partial derivatives upto (K — 1) th order with respect to the variable z ,
j=1,2,3--- N and 91, 19, 13, - -+, ¥ are the nonzero solutions of (2).

The one-fold Darboux transformation on [K] in (22) defined as
YK +1] = (0, — 9, log ¥ [K])P[K], (24)

where 1 [K] is the non zero particular solution of (22). Thus the value of 1 [K] one can obtained
through (21) as

Y1, V2, V3, -, VK, Vi41)
W1, 2, Y3, s i)

prcli] = (25)
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where Ux 1 be the nonzero particular solution of (2). Substituing the values of ¢[K] and ¢k [K] into
(24), thus we obtained (K + 1)-fold Darboux transformation on ¥ as

W(w1a¢2a¢3a ---a¢K+1ﬂ/’)

UIK+1] = 26
= W (1 v s ) (26)

Therefore ¥[K + 1] obey the following equations
LIK + 1[K +1] = ¢y [K + 1], ¢e[K +1] = M[K + 1J)[K +1] (27)

thus the new potential becomes after (K+1)-fold Darboux transformation as
ulK + 1] =ulK] + 3A(t)97 log(¥x [K]),
=u + SA(t)ai log W(¢17 ¢27 ¢37 e 7¢K)

28
+ 3A(t)0? log (W(azjf’zjép;wﬁ;iﬁ“)), 2%)
=u + 3A(t)8§ 10g W(Z[}l» 1/12, ¢37 e 7¢K+1)'

and
v[K 4+ 1] = v[K] + u,[K] + 3A(t) (0, log Y i [K]02 log i [K] 4 92 log ¢ i [K]) (29)

By using the values of v[K], u[K], and ¥k [K], the above expression reduced to

K+1 W (1,9, -, 1y W (¢, o, -+ 2Py
v[KJrl]v+(K+1)ux+3A(t)Z(3mlogw(gfl wa--- f)l)ag W(f;i’lwf?” 1;/’)1)

r=1

log

(30)
Thus the result is true for N = K + 1.
This complete the proof.

IV  Solution of the Damped Forced Burger’s Equation

IV.a Solution Using One-Fold Darboux Transformation

Tt is easy to check that u(x,y,t) = H(t), v(z,y,t) = H(t) is trivial solution of the DFCB equations (1).
Substituting the trivial solutions u(x,y,t) = H(t) and v(x,y,t) = H(t) into linear equations (2), then
we solve the systems for nonzero solution ;. Thus we have

1z, y,t) = creft + CQ€£2SiH(63) + 63652008(53), (31)

where & = kiz + k3y + (2k3 + 3k3)t, & = ki — 2k3y — 4k$t, and & = kix + 2k3y + (4kF + 3kP)t.
Here ¢1, co, c3 and k; are arbitrary real value. Substituting ; into equation (4) and labeled, we have
the new nontrivial solution of the DFCB equation as

] = () - 2Oy = my - 2002 (32)

where
Oy = kle® [361036d1+d2 + 3cicieh iz 9 (C%(CQ +c3)e® 4 (c3 — 3 + cles — czcg)e2d2> cos &3
— (c163 — c1c3)e 2 cos 263 + 2(cley — ciez)e®™ sin &g + 256 sin &3 + 2c3cze?™ sin &3

+ 2CQC§e2d2 sin &3 + 20362(12 sin &5 + 2¢1eoc3eh 192 gin 253] , 0= (cled1 + 96?2 sin &5 + c3e?? cos &s),

3 ; .
0 = kle® [(cg + 2)e® 4 ¢e3e™ cos €3 + ciepe™ cos 53:| ,dy =Ky + (2K + ik%)t’ dy = —2k3y — 4k3t.
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IV.b Solution Using Two-Fold Darboux Transformation

In this section we construct wave solution of of the DFCB equations (1) through by two-folded Darboux
transformation with intial solution trivial solution u(z,y,t) = H(t), v(z,y,t) = H(t). Substituting
the trivial solutions u(x,y,t) = H(t) and v(x,y,t) = H(t) into linear equations (2), then we solve the
systems for nonzero solution 1 and 5. Thus we have

1(z,y,t) = 165 + 02e52sin(£3) + 63652005(53), oz, y,t) = predt +p26525in(53) +p3e($zcos(53) (33)
where &1 = kox + k3y + (2k3 + 2k3)t, 6o = kox — 2k3y — 4k3t, and &5 = kow + 2k3y + (4k3 + 3k3)t.

Here pi1, p2, ps and ko are arbitrary real value. For N = 2, through equation (15) the expession of
new solution u[2] and v[2] after two fold Darboux transformation become

u[2] = u+ 3A(t)8§ log W (41, 12),

v[2] = v+ 2u, + 3A(t) (893 log ¢18§ log 11 + 83 log v1 + 9, log W(qf;’ ¥2) Oﬁ log W(lf/}h ¥2) + 82 log W (41, 1/J2)
1 1
(34)

Substituting 11 and 19 into the above equation (34) and labeled, we have the new nontrivial solution
of the DFCB equation as

SA(H)T

EINOLT
0305026,

ul2] = H(t) o,

. o[2] = H(t) + (35)

where

I' = 0030,0;5 — ©°030,0:0; + 00,0;0,070;5 — ©,0;0360,0;
— 0°0,0706 + 0°030,0403 , — 0°03060, ,,

O3 = — [k‘f(cledl + 2c9e2 cos &3 — 2¢3e? sin &3) (p1e™ + poe™™ sin b5 + pse™ cos d3)
2
— k%(cledl + 36?2 cos &5 + coe?? sin &3)(p1e™ + 2pae™ cos d3 — 2p3e’™ sin 53)]
+ [ — k1(cie™ + (ca + c3)e® cos &3 + (c2 — c3)e™ sins) (pre™ + poe”™ sin 03 + pse™ cos 03)
+ ko(c1e® + c3e® cos €3 + cpe® sin &3) (pre™ + pae™(cos 03 + sin 83) + pse”? (cos §3 — sin 63))}

X [ — k3 (cre® 4+ 2(cy — c3)e? cos €3 — 2(ca 4 ¢3)e?? sin €3)(pre™ + pae™ sin b + pse” cos d3)

— K2k (cle"l1 + 2¢9e% cos &3 — 2¢5e sin &3)(p1e™ + pae™(cos 83 + sin d3) + p3e™ (cos d3 — sin d3))

+ k1k3(cre™ + (o + c3)e® cos&s + (c2 — c3)e™ sin&3) (pre”™ + 2pae’ cos 65 — 2pse’™ sin b5)

+ k3 (cre™ + c3e® cos €3 + c2e?? sin &3)(pre™ + 2pae” (cos d3 — sin d3) — 2pse™(cos ds + sin 53))] ,
(36)
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O4 = k1 (cledl + (Cg + 03)ed2 cos&s + (62 - 03)ed2 sin 53)(p1e“ + poe™ sin d3 + p3e”™ cos 53)
2

— ka(cre® + cge?? cos €3 + cpe? sin €3) (pre”™ + pye™(cos 83 + sin d3) 4 2pse” (cos b3 — sin ds)) |
05 = —kf(cled1 + 2c9e® cos &3 — 2¢3e?2 sin &3)(p1e™ + p2e™ sin d3 + p3e’ cos d3)

+ k:g(cled1 + 36?2 cos &5 + c9e?? sin &3)(p1e™ + 2pae™ cos b3 — 2p3e”? sin d3),
O = —k1(cre™ + (c2 + c3)e™ cos 3 + (ca — c3)e™ sin&3) (pre™ + pae” sin 6 + pse’ cos J3)

+ kg(cledl + 36?2 cos &5 + coe?? sin &3)(p1e™ + (p2 + ps)e™ cos &3 + (p2 — p3)e’?sinés),

3
O7 = cre® + (e + c3)e cos &3 + (ca — c3)e®sinéy, ry = kiy + (2k3 + ng)t, ry = —2k3y — 4kit.
(37)

Figure 1: (a), (b) and (c) represent the 3D profiles of u(x,y,t) of the solution (32) in x-t plane for
(i) when S(t) =0,T(t) =0,k = —0.2, ¢; = 0.02, ¢ = 0.3, ¢3 = 0.4, ¢ = 0.01, d = 0.02, y = 0.5;
(if) when S(t) = &2 T(t) = Oand all other parameters are fixed; (iii) when S(t) = L2, T(t) =
0.2sin(0.5¢) and all other parameters are fixed.

Figure 2: (a), (b) and (c) represent the 3D profiles of v(x,y,t) of the solution (32) in x-t plane for
(i) when S(t) = 0,T(t) =0,k = —0.2,¢; = 0.02, ¢ = 0.3, ¢c3 = 0.4, ¢ = 0.01,d = 0.02, y = 0.5;
(if) when S(¢t) = &2, T(t) = Oand all other parameters are fixed; (iii) when S(t) = L2, T(t) =
0.2sin(0.5¢) and all other parameters are fixed.

V Conclusions

The aim of the present article is to investigate the integrability of the (2+41)-dimensional damping
forcing coupled Burgers equation in the sense of Lax pair. The (2+1)-dimensional damping forcing
coupled Burgers equation is obtained by adding damping and forcing terms from couple Burgers
equation. Various physical phenomena in fluid dynamics, traffic flow, nonlinear wave can be describle
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by couple Burgers equation. The damping and forcing terms can exhibit complex behavior in nonlinear
couple Burgers equation. The damping and forcing terms has significantly impact on nonlinear
evolution equation such as damping term dissipate the energy, stabilize the unstable solution, reduces
the wave amplitude as well as forcing term inject energy into the system. The Lax pair in differential
form have been constructed of (2+1)-dimensional damping forcing coupled Burgers equation. The
expression of N-fold Darboux transformation have been derived by using Lax pair, where NV being a
positive integer. Using the trivial solution of (2+1)-dimensional damping forcing coupled Burgers
equation, one fold and two fold Darboux transformation gives some exact solutions like solitary wave
solution and periodic solution.
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